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Abstrat
The geometrization of the Eletro-Weak Model is ahieved in a 5-dimensional Riemann-
Cartan framework. Matter spinorial elds are extended to 5 dimensions by the hoie
of a proper dependene on the extra-oordinate and of a normalization fator. U(1)
weak hyper-harge gauge elds are obtained from a Kaluza-Klein sheme, while the
tetradi projetions of the extra-dimensional ontortion elds are interpreted as SU(2)
weak isospin gauge elds. SU(2) generators are derived by the identiation of the weak
isospin urrent to the extra-dimensional urrent term in the Lagrangian density of the
loal Lorentz group. The geometrized U(1) and SU(2) groups will provide the proper
transformation laws for bosoni and spinorial elds. Spin onnetions will be found to
be purely Riemannian.
Introdution
The searh after uniation has always been a onstant eort in the history of mod-
ern Physis, and gauge theories are the tool whih has favored its development: in the
Standard Model, all the features of matter elds an be asribed to the gauge symme-
tries that dene the model itself. Gauge theories desribe suessfully all interations
but gravity, whose phenomenology is explained by the harateristis of the spae-time:
among several attempts to unify suh dierent aspets in a oherent system, Lorentz
gauge theories allow to express the priniple of equivalene as an internal symmetry of
the spae-time.
In this paper we'll try to geometrize the Standard Eletro-Weak Model, and further
degrees of freedom will be looked for in an extra-dimensional bakground. The Eletro-
Weak Model onsists of two symmetries groups, the U(1) weak hyper-harge Abelian
group and the SU(2) weak isospin non-Abelian group. The former will be geometrized
in a 5-dimensional Kaluza-Klein frame-work, where the gauge eld is identied in the
non-diagonal omponents of the 5-dimensional metri tensor, while the latter will be
searhed for in the tetradi projetion of the pertinent omponents of the ontortion
eld. Spinorial elds an be desribed in suh a senario by their extension to 5 dimen-
sions.
Most of the properties of the objets dened in this paper will be suggested by the basi
features of Kaluza-Klein theories: in suh a senario, ve dimensions are onsidered.
Gauge interations an be geometrized by means of some oordinate transformations,
i.e. extra-dimensional translations only are allowed. The struture of the spae-time
is, for the ground state, not a generi 5-dimensional manifold, but the diret sum of a
generi 4-dimensional one and a ring. The extension of general relativity to 5 dimen-
sions within this sheme leads to the violation of the priniple of general relativity and of
the priniple of equivalene. Nonetheless, the existene of the ground state whih does
not have the form of M5 an be best understood as an eet of spontaneous symmetry
breaking, [1℄.
In the rst setion, a review of Kaluza-Klein theories will be presented [2℄,[3℄, [4℄,[5℄, [6℄:
it will be shown how it properly ts weak hyper-harge U(1) group, and hiral states
will arise naturally from a 5-dimensional Dira equation [1℄, [7℄, [8℄. Gauge elds will be
introdued in the metri tensor, and the tetradi projetion of the derivative will provide
the right oupling of matter elds and the bosoni eld [1℄. The dependene on the fth
oordinate [9℄ will provide U(1) weak hyper-harge transformations for spinorial elds
[10℄, [11℄.
The seond setion is aimed to develop a 4-dimensional gauge theory of the Lorentz
group [12℄: starting from the analogy with a generi gauge theory, the theory will be
worked out in a Riemann-Cartan spae [13℄, [14℄, and variation with respet to the ob-
jets involved in the total ation will lead to standard equations [15℄.
These results will be extended to 5 dimensions in the third setion [16℄, [17℄, : suh an
extension will require are, beause of the struture of the manifold V 5 = V 4 ⊕ S1 on-
sidered in Kaluza-Klein theories. The 5-dimensional Lorentz group, and its gauge elds
AA¯B¯Ω , will split up naturally in the ordinary 4-dimensional Lorentz group and SU(2) weak
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isospin non-Abelian group [18℄, [19℄, whose generators will be dened by the reognition
of the pertinent Lagrangian term to the weak isospin urrent of the Standard Model.
Struture onstants will provide the proper gauge transformation laws for 4-dimensional
Lorentz elds and for SU(2) elds [20℄, [11℄. World transformation laws will request
that AA¯B¯5 elds vanish; these elds, however, had no preise role in this model. Lorentz,
U(1) and SU(2) gauge transformations will also be established for spinorial elds, and,
a formal dierene with the Standard Model notwithstanding, they will be explained to
be oherent to standard U(1)⊗SU(2).
In the fourth setion, the previous results will be olleted together. The tetradi pro-
jetion of spin and gauge onnetions will be evaluated [21℄, [10℄, [9℄, [1℄, [22℄, [23℄: spin
onnetions will be found to be purely Riemannian, and gauge onnetions will ome
diretly from the preeding alulations. By means of dimensional redution, the Stan-
dard Eletro-Weak Model is therefore restored [20℄, [24℄.
Brief onluding remarks follow.
In this paper we have hosen the following onventions:
- small Greek letters for 4-dimensional world indies, µ = 0, 1, 2, 3;
- apital Greek letters for 5-dimensional world indies, Ω = 0, 1, 2, 3, 5;
- small Latin letters for 4-dimensional tetradi indies, a¯ = 0, 1, 2, 3;
- apital Latin letters for 5-dimensional tetradi indies, A¯ = 0, 1, 2, 3, 5;
- i, j, k for 1, 2, 3;
- natural units, h¯ ≡ c ≡ 1.
1 Kaluza-Klein theories: loal hyper-harge U(1)
transformations and hirality
In a 5-dimensional Kaluza-Klein sheme, it is possible to geometrize an Abelian gauge
group [2℄, [3℄, [4℄,[5℄; as far as the Standard Eletro-Weak Model is onerned, it sounds
sensible to identify suh a gauge eld to the weak hyper-harge U(1) one, Bµ. Let
V 5 = V 4 ⊕ S1 (1)
be a 5-dimensional C∞ manifold, diret sum of a generi 4-dimensional manifold and a
ring. Beause of this struture, the metri tensor jAB has to be a periodi funtion of
the fth oordinate, x5, so that
jAB(x
µ, x5) = jAB(x
µ, x5 + L), (2)
L being the length of the ring, and an therefore be Fourier expanded. For the ylindrial
hypothesis, whih states that every funtion with physial relevane must not depend
on the fth oordinate, the expansion has to be trunated at 0-order.
Allowed oordinate transformations are obtained by the onstraint that j55 be a salar
( for our purposes we an assume sine now j55 = 1, as we are not interested in the
dynamis of this salar eld ) and by the ylindrial hypothesis, whih implies that the
3
transformation law for the metri tensor does not depend on x5: we nally get
x′µ = x′µ(xρ); x′5 = x5 + α(xρ). (3)
Therefore, the omponents of the metri tensor are

j55 = 1
j5µ = g
′kB˜µ
jµν − (g˜′k)2B˜µB˜nu = gµν ,
(4)
where k is a onstant, whih we need to introdue for dimensional reasons, g˜′ and B˜µ an
be interpreted as a oupling onstant and a gauge eld, respetively, whih are related
to the weak hyper-harge onstant and the weak hyper-harge gauge eld, as it'll be
worked out later on. After standard manipulation one gets the inverse omponents of
the metri, 

j55 = 1 + (g˜′k)2B˜σB˜
σ
j5µ = −g˜′kB˜µ
jµν = gµν .
(5)
From (3) and(4) it is lear that Bµ transforms like an ordinary 4-vetor if we onsider
pure 4-dimensional transformations,
B˜µ → B˜ν
∂xν
∂x′µ
, (6)
while it behaves like a gauge eld for the seond of (3), provided that α(xρ) = g˜′kα′(xρ),
so that
B˜µ → B˜µ + ∂µα′(xσ). (7)
Tetradi vetors are found by imposing
jAB = V
A¯
A V
B¯
B ηA¯B¯; (8)
with straightforward alulation one nds

V µ¯5 = 0
V 5¯5 = 1
V 5¯µ = g˜
′kB˜µ
V µ¯µ : gµν = V
µ¯
µ V
ν¯
ν ηµ¯ν¯ ,
(9)
and 

V µ
5¯
= 0
V 55¯ = 1
V 5µ¯ = −g˜′kB˜µV µµ¯
V µµ¯ : g
µν = ηµ¯ν¯V µµ¯ V
ν
ν¯ .
(10)
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It an be shown that the ation
5S splits up into the ordinary Einstein ation and the
ation of an Abelian gauge eld
S =
−c3
16π5G
∫
dx5d4x
√
−j5R = −c
3
16π5G
∫
d4x
√−g[4R + ( g˜
′k
2
)2F˜µνF˜
µν ], (11)
where dimensional redution has been performed,
F˜µν ≡ ∂νB˜µ − ∂µB˜ν , (12)
is the bosoni Lagrangian density of the eld B˜µ, and
5G is related to the 4-dimensional
Newton onstant by G =
5G
L
.
Coupling with matter is an important aspet of this artile. In the original work by
Kaluza it had not been taken into aount, and many eorts have been made in order
to nd a proper desription.
For a massless fermioni eld, the Lagrangian density reads
L = − i
2
ψ¯iγ
µ∂µψi +H.C., (13)
where H.C. denotes Hermitian onjugation; its immediate 5-dimensional extensions
ould be
L = − i
2
χ¯iγ
A∂Aχi +H.C. = −
i
2
χ¯iγ
A¯∂A¯χi +H.C., (14)
where χi is a generi 5-dimensional fermioni eld and γ
5
the fth Dira matrix, dened
as γ5 = iγ0γ1γ2γ3. γ 5¯ is still a good Dira matrix, as it antiommutes whit all the other
γµ¯'s in 4 dimensions, and, in 5 dimensions, we have
[γA¯, γB¯]+ = 2Iη
A¯B¯. (15)
A Lagrangian density has to be invariant under Lorentz transformations: the 5- dimen-
sional Lagrangian density (14) will be shown to be invariant under 5-dimensional loal
Lorentz transformations as they will be dened, in a Kaluza-Klein framework, in the
next setions.
The struture of the manifold we are onsidering suggests a fatorization of the wave
funtion as a onsequene of the diret sum in (1), [9℄, so that we an guess
5χi ≡ 5χi(xρ, x5) ∝ 4ψi(xρ)f(x5); (16)
moreover, sine the fth dimension is a ring, the funtional dependene on x5 an be
hosen as a omplex phase,
f(x5) = e
i2piNix
5
L , (17)
whose periodiity is this way onneted to the length L of the ring by the integer di-
mensionless parameter Ni, whih is related to the weak hyper-harge eigenvalue, and
desribes dierent partiles aording to dierent properties of their motion along
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the extra-dimension. We an append a suitable renormalization fator, whose validity
will be tested afterwords, and the 5-spinor nally reads
5χi(x
ρ, x5) =
1√
L
4ψi(x
ρ)e
i2piNix
5
L . (18)
In a Kaluza-Klein senario, spinorial elds show a natural hirality, as it an be easily
understood after a rst glane to Dira equation in 5 dimensions. γ5 an be used
as a good Dira matrix, for it obeys Dira algebra. If we substitute the 4-dimensional
identity I = PR+PL in (13),PR ≡ I+γ
5
2
and PL ≡ I−γ
5
2
being the right and left projetion
operators, respetively, we nd dierent Dira equation for the two hiral states when
varying, for example, with respet to χ¯i:
−γµ¯∂µ¯ψiR + i
2π
L
NiRψiR = 0, (19)
γµ¯∂µ¯ψiL + i
2π
L
NiLψiL = 0; (20)
if we want the parameter Ni to be related with the weak hyper-harge value, we annot
assume NiR = −NiL, for it would be a kind of partile/antipartile ondition, and we
have to dene ab initio two dierent elds:
5χiR(x
ρ, x5) =
1√
L
4PRψi(x
ρ)e
i2piNiRx
5
L =
1√
L
4ψiR(x
ρ)e
i2piNiRx
5
L
(21)
5χiL(x
ρ, x5) =
1√
L
4PLψi(x
ρ)e
i2piNiLx
5
L =
1√
L
4ψiL(x
ρ)e
i2piNiLx
5
L ; (22)
it's interesting to notie that the two hirality states perfetly t one of the most striking
features of the Standard Eletro-Weak Model, i.e. left/right asymmetry, also as far as
non Abelian loal SU(2) transformations are onerned.
Negleting, for the moment, gauge and spin onnetions, whose role will be thoroughly
developed in the following setions, we an hek the previous hypothesis about the weak
hyper-harge geometrization.
For a generi matter eld, the pertinent Lagrangian density,from (14),after dimensional
redution, reads
4L = − i
2
[
...− ψ¯jγµg˜′kB˜µ(
i2π
L
Nj)ψj
]
+H.C.+ ...; (23)
rst, we an identify the weak hyper-harge oupling onstant g′
g′ ≡ g˜′2πk
L
(24)
where the funtional dependene on the length of the ring is ommon in Kaluza-Klein
theories.
The real gauge eld Bµ is found by axing the new parameter M ,
Bµ ≡
B˜µ
M
, (25)
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so that the Standard Model is restored by the request
MNi ≡ −yi, (26)
yi being the weak hyper-harge quantum number of the eld χi; sine Ni ∈ Z, without
loss of generalities we an hoose M = 1
6
, so that the periodiity is an integer sub-
multiple of the irumferene L. Beause of (25), for the gauge transformation (7) we
have α(xν)→Mα(xν), and the bosoni ation (11) beomes
S = ...− c
3k2g˜′2M2
64πG
∫
d4x
√−gF µνFµν , (27)
so that we an estimate the length of the extra-ring: with (24) and making use of the
relation e = g′ cos θW , whih relates the eletri harge and g
′
, we get L ≈ 8.86 · 10−30.
Conserved quantities an be dened for translations along the extra-ring [10℄: the stress-
energy tensor is extended to 5 dimensions as
TAB = −ηABL+ Σr
∂L
∂(∂Aψr)
∂Bψr, (28)
and it obeys the onservation equation
∂AT
AB = 0, (29)
so that the onserved momentum omponents are
cPA =
∫
d3xdx5T0A; (30)
for the fth omponent we have
P5 =
∫
d3xdx5
[
−ih¯
2
χjγ
0∂5χj +H.C.
]
=
=
∫
d3xdx5
[
ih¯
2
χ+j
i2πNj
L
χj +H.C.
]
= ih¯
i2πNj
L
∫
d3ψ+j ψj , (31)
and, sine it is a onserved quantity, it an be multiplied times an arbitrary onstant
in order to get the right dimension of a harge: with (24) and (26), we obtain therefore
that the fth momentum omponent is the weak hyper-harge QY
P5 = QY = g
′yi
∫
d3ψ+j ψj . (32)
The identiation of the onstant of motion P5 to the onserved weak hyper-harge QY
is allowed by the hoie of a omplex phase dependene on the fth oordinate of the
wave funtion (18), whih is oherent, from a quantum-mehanial point of view, with
the representation of an eigen-state of x5.
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It is possible to verify that spinorial elds (18) meet the orret weak hyper-harge
transformation law, generated, in this model, by the seond of (3):
χi → χ′i =
1√
L
e
i2piNi
L
(x′5−Mkg˜′α′(xρ)))4ψi(x
ρ) ≡ 1√
L
e
i2pi
L
Nix
′54ψ
′
; (33)
in fat, (25) implies α(xν)→Mα(xν), and the right gauge transformation
ψ → ψ′ = eig′yiα′(xν)ψ (34)
is ahieved, where we have used (24) and (26). It has just been shown, therefore, that
U(1) Abelian gauge transformations an be asribed, in a 5-dimensional senario, to the
ylindriity hypothesis, from whih (3) are derived, and the fatorized expression (18) is
found to be a good extension: (18) does not break the ilindriity hypothesis itself, as
spinorial elds are not physial objets.
Furthermore, it's worth remarking that the apparently dierent phase fator dened in
(33) is unimportant, for the right and the left side have the same periodiity L, and it
does not modify expetation values of physial observables, that are quadrati funtions
of the elds.
2 4-dimensional loal Lorentz group
In General Relativity, a generi innitesimal oordinate transformation reads
xµ → x′µ(x) = xµ + ξµ(x), (35)
while an innitesimal loal Lorentz transformation is given by
xµ → x′µ(x) = Λµνxν = xµ + ǫµν(x)xν ; (36)
the latter an be easily expressed in terms of the former by
xµ → x′µ(x) = xµ + ǫµν(x)xν = xµ + ǫ˜µ(x). (37)
If we introdue interation with matter, this is not true, as the transformation law of
fermioni elds under loal Lorentz transformations annot be ompared to that of a
generi tensor under general oordinate transformation: fermioni elds are desribed
by a spinorial representation of the Lorentz group, while the dieomorphism group has
none. This issue suggests to treat loal Lorentz transformations like an independent
gauge eld by dening a ovariant derivative and a bosoni Lagrangian density, [12℄.
It an be generalized to a at 4-dimensional manifold, endowed with a set of tetradi
vetors ea¯µ: the Lagrangian density reads
L = − i
2
ψ¯γa¯eµa¯∂µψ +H.C., (38)
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where invariane under dieomorphism is assured by the tetrad.Invariane under loal
Lorentz transformations
ψ(x)→ ψ′(x′) = S(Λ)(x)ψ(x), ψ¯(x)→ ψ¯′(x′) = ψ¯(x)S−1(Λ)(x), (39)
S(Λ)γa¯S−1(Λ) = Λa¯b¯γ
b¯, (40)
where
S(Λ)(x) = I +
1
2
ǫa¯b¯Σa¯b¯, Σ
a¯b¯ =
i
4
[γa¯, γ b¯], (41)
is restored by the ovariant derivative
Da¯ψ = e
µ
a¯Dµψ = e
µ
a¯(∂µ − Cµ)ψ, (42)
where Cµ = C
a¯b¯
µ Ωa¯b¯ transforms like
C a¯b¯µ → S(Λ)(x)C a¯b¯S−1(Λ)(x) + S(Λ)(x)∂µS−1(Λ)(x), (43)
and, for innitesimal ǫ,
C a¯b¯µ → C a¯b¯µ + ∂µǫa¯b¯ −Da¯b¯c¯d¯e¯f¯C c¯d¯µ ǫe¯f¯ , (44)
Ωa¯b¯ andD
a¯b¯
c¯d¯e¯f¯
being suitable generators and struture onstants of the group, respetively.
In a urved spae time, the validity of Dira equation is ensured by the request that Dira
algebra be still valid even in the new non Minkoskian metri, i.e. the tetradi projetion
of Dira matries still obey
[γa¯, γ b¯]+ = 2Iη
a¯b¯. (45)
If we onsider Riemann-Cartan spaes, endowed with the ane onnetion
Γµνρ =
{
µ
νρ
}
−Kµνρ (46)
we look for an operator Dµ whih allows
Dµγν = 0; (47)
suh an operator is found to be
DµA = ∇µA− [Γµ, A] (48)
for a generi geometrial objet, and
Dµψ = ∂µψ − Γµψ, Dµψ¯ = ∂µψ¯ + ψ¯Γµ (49)
for fermioni elds, so that the matter Lagrangian density reads
LM = −
i
2
ψ¯γa¯eµa¯Dµψ +H.C.. (50)
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By substitution of (46) in (48), after standard manipulation one nds
Γµ = Γ
R
µ + Γ
K
µ =
1
2
Ra¯b¯µ Σa¯b¯ +
1
2
Aa¯b¯µ Σa¯b¯, (51)
where the tetradi projetion of the Rii oeients and of the ontortion eld are
dened, respetively,
Ra¯b¯µ = Ra¯b¯c¯e
c¯
µ, (52)
Aa¯b¯µ ≡ −Kρσµeρa¯eσb¯ . (53)
If we now onsider at spaes, i.e. Rµνρσ ≡ 0 and ompare (42), (49) and(53), we an
identify
Ca¯b¯µ ≡ Aa¯b¯µ, Ωa¯b¯ ≡
1
2
Σa¯b¯ : (54)
we an nd, therefore, gauge elds and generators of the loal Lorentz group. Struture
onstants in (44) an be evaluated from struture onstants of the Lorentz group F e¯f¯
a¯b¯c¯d¯
:
[Σa¯b¯,Σc¯d¯] = ηc¯[a¯Σb¯]d¯ − ηd¯[a¯Σb¯]c¯ =
[
ηc¯[a¯δ
[e¯
b¯]
delta
f¯ ]
d¯
− ηd¯[a¯δ[e¯b¯]δ
f¯ ]
c¯
]
Σe¯f¯ ≡ F e¯f¯a¯b¯c¯d¯Σe¯f¯ (55)
so that De¯f¯
a¯b¯c¯d¯
= 1
2
F e¯f¯
a¯b¯c¯d¯
.
We have now all the terms to explain how to identify a loal Lorentz transformation
to a gauge transformation: the main diulty in this task is the fat that a gauge
transformation is dened in the same point of the spae time, i.e. ψ(x) → ψ′(x), while
a Lorentz transformations isn't, i.e. ψ(x) → ψ′(x′). The set of tetradi vetors plays
an essential role in in solving this disrepany, and the impliations of (37) need further
developments: beause of loal Lorentz transformation, a tetradi vetor transforms like
e′a¯µ (x
′) = Λa¯
b¯
(x′)ea¯µ(x
′), (56)
whereas, for a generi dieomorphism, (35),
ea¯µ(x)→ e′a¯µ (x′) = ea¯µ(x)
∂xρ
∂x′µ
≈ ea¯µ(x) + ea¯ρ(x)
∂ξρ
∂x′µ
; (57)
the role of ǫa¯b¯ in formulas (39)→(44) beomes therefore ruial in pulling the transfor-
mation bak to the same point, as long as gauge transformations are onerned.
After straightforward alulation, one nds from (57)
e′a¯µ (x
′) = ea¯µ(x
′) + eb¯µ(x
′)
[−∂b¯ξa¯ + λa¯c¯b¯ξ c¯] ≡ ea¯µ(x′) + eb¯µ(x′)ǫa¯b¯ , (58)
where
ǫa¯
b¯
≡ −∂b¯ξa¯ + λa¯c¯b¯ξ c¯ ≡ −∂b¯ξa¯ +Ra¯c¯b¯ξ c¯ −Ra¯b¯c¯ξ c¯ ≡ −Db¯ξa¯ −Ra¯b¯c¯ξ c¯; (59)
here λa¯b¯c¯ = Ra¯b¯c¯ −Ra¯c¯b¯ are the anolonomy oeients.
The number of degrees of freedom for generi dieomorphisms, 16, and that for Lorentz
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transformations, 6, lead to the request that (35) be an isometry, i.e. ∇(µξν) = 0, so that
in (59) only the anti-symmetri part of Db¯ξ
a¯
doesn't vanish. Finally we get
ǫa¯b¯ = D[a¯ξb¯] − Ra¯b¯c¯ξ c¯, (60)
whih is anti-symmetri, i.e. ǫa¯b¯ = −ǫb¯a¯. Formula (60) shows one more that Ra¯b¯c¯ annot
be a gauge eld, for it denes the transformation.
Field equations an be alulated from variational priniples. In a gauge theory, gauge
onnetions are primitive objets,so that the total ation S ≡ S(e, A, ψ) reads
S ≡ S(e, A, ψ) ≡ − 1
2cχ
∫
d4x
√−g[R(e)− 2χ(LM −
1
4
E2Fµν(A)F
µν(A))], (61)
where E is an opportune oupling onstant, whose value must be small ompared to
the energy sales of modern-day experiments, sine the eets of the 4-dimensional loal
Lorentz group have not been revealed yet.
Variation with respet to tetradi vetors, δea¯µ, leads to the tetradi projetion of Einstein
equations, with Yang-Mill tensor T µν as soure
(Rµν −
1
2
gµνR)e
ν
a¯ = χTµa¯. (62)
Variation with respet to the gauge eld δAa¯b¯µ brings Yang-Mill equation, the spinorial
urrent density being the soure:
DµF
µν
a¯b¯
= −Jν
a¯b¯
. (63)
Variation with respet to the adjoint spinorial eld δψ¯ gets Dira equation for ψ
γµDµψ = 0, (64)
and vie-versa.
Conserved quantities an be found by the omparison of loal Lorentz transformations
and gauge transformations. In partiular, beause the urrent density (63) obeys the
onservation law
∂µJ
µa¯b¯ = 0, (65)
we have the onserved (gauge) harge
Q0a¯b¯ =
∫
d3xJ0a¯b¯ = const; (66)
on the other hand, the onserved quantity for Lorentz transformations in at spae time
is the angular momentum tensor Mµν : the tetradi projetion of the spin term reads
M a¯b¯ =
∫
d3xπrΣ
a¯b¯
rsψs = const., (67)
whih oinides to (66), provided that πr is the density of momentum onjugate to the
eld ψr, i.e. πr = ∂L/∂ψ˙r . The parameter ǫ
a¯b¯
dened in (60) renders this identiation
possible.
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3 5-dimensional Lorentz group and loal SU(2)
The results of the previous setion an be generalized to a higher number of dimensions,
if interations other than gravity are to be geometrized. The proeeding, however, is
not so linear, beause of the struture of the manifold (1) we are dealing with: a generi
5-dimensional Lorentz transformation reads
xΩ(xµ, x5)→ x′Ω(xµ, x5) = xΩ + ǫΩΠxΠ, (68)
but, if we want to dene the Lorentz group for (1), the set of transformations (3) leads
to the onstraint ǫΩ5 ≡ 0.
The global 5-dimensional Lorentz group an be therefore desribed by the generators
ΣΩΠ = i
4
[γΩ, γΠ], where γ5 is the fth Dira matrix, as shown in (15). The 5-dimensional
Lagrangian density reads
L = −1
2
[
χ¯Lγ
Ω¯∂ΩχL + χ¯Rγ
Ω¯∂ΩχR
]
+H.C., (69)
where the extra-dimensional derivatives vanish beause of the properties of the right/
left projetion operators. Invariane under 5-dimensional global Lorentz transformations
is assured by the transformation rules for the spinorial elds, χ→ S(Λ)χ, χ¯→ χ¯S−1(Λ),
and for Dira matries, S(Λ)γΩS−1(Λ) = ΛΩΠγ
Π
: in partiular, beause of the onstraint
ǫΩ5 ≡ 0, the 5-dimensional transformations lead to the ordinary 4-dimensional transfor-
mation, where the generator Σµ5 doesn't play any role.
When 5-dimensional loal Lorentz transformations are onsidered, the previous analysis
hanges drastially, as shown in the seond setion: 5-dimensional loal Lorentz trans-
formations annot be distinguished from generi 5-dimensional dieomorphisms in the
physial spae time, while, in the tangent bundle, spinorial elds are the only geometri-
al objet that an still experiene the dierene.
In the tangent bundle, as shown previously, the parameter ǫA¯B¯ denes the transforma-
tion rules for spinorial elds and for Dira matries
1
, and, from (60), it an be shown
that, for pure extra-dimensional oordinate transformations,
ǫa¯5¯ =
1
2
eµa¯∂µα(x
ρ) : (70)
it must not be surprising that extra-dimensional transformations dene both weak hyper-
harge and weak isospin gauge transformations. Besides, equation (70) desribes a dif-
ferent breaking as far as the physial spae and the tangent bundle are onerned: the
physial spae is dened as (1), while the tangent bundle is depited by ǫa¯5¯. Sine ǫa¯5¯
doesn't vanish, generators Σa¯5¯ reoup their own role; beause invariane under Lorentz
1
We stress that the transformation law for the 4-dimensional Dira matries is violated by a term
proportional to gEǫi¯5¯γ
jσi, as far as spinorial indies are onerned, as it will beome learer from
(77) and (78); the fat that the eets of this term have not been observed yet an be explained
by the small value of the onstant E. The violation due to the transformation of world indies,
proportional to ǫa¯
5¯
γ 5¯ vanishes beause of the properties of γ 5¯.
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transformations is not determined by the expliit form of suh generators, i.e. they
at like further degrees of freedom, however, it is possible to hoose their expression in
order break the 5-dimensional group in the 4-dimensional group and a SU(2) group, as
it an be inferred by studying the struture of 4-dimensional spae rotations, [19℄. It
an be ahieved by imposing that these generators ommute with those of the ordinary
4-dimensional loal group, [18℄, as it will be shown throughout this setion.
The 5-dimensional representation of the loal Lorentz group annot be, therefore, the
immediate extension of the seond of (41), that would be
ΣA¯B¯ =
i
4
[γA¯, γB¯]; (71)
while for a¯ = 0, 1, 2, 3, the four- dimensional group is regained, Σi¯5¯ does not provide any
known group, nor loal SU(2) non Abelian group, whih we wish to desribe. In fat,
A¯ = 5¯ annot be treated like a¯ = 0, 1, 2, 3, beause the fth dimensional ring S1 is just
diretly summed to V 4. Furthermore, Σ0¯5¯ would be a redundant degree of freedom, for
Abelian group U(1) has already been geometrized by a Kaluza-Klein sheme: Σ0¯5¯ must
be a vanishing quantity. The orresponding gauge eld must vanish as well.
On the other hand, one has to onsider that Σi¯5¯ is stritly onneted to the extra-
dimension, whih is responsible for the hirality matter elds show in 5 dimensions, (19)
(20): it is, therefore, oherent to hypothesize an asymmetri right/left behavior for suh
generators, just like (71) would have in a generi manifold V 5, beause of the properties
of γ5, PR and PL.
In order to nd the right expression for Σi¯5¯, we an start by extending (61) to ve
dimensions, and then imposing that the omponents of the onserved urrent be the
isospin onserved urrent. SU(2) loal isospin group operates on left-handed isospin
doublets, while, so far, we only have introdued singlets; the right/left asymmetry we
have just requested an be put into eet, rst of all, by assuming that only left-handed
elds undergo this transformations, i.e. right-handed elds are in the null-spae of the
orresponding generator: beause of (21) and the properties of the projetors, we have
Σi¯5¯ ∝ PL.
Besides, we have to fae the diulty of introduing doublets; weak isospin doublets an
be introdued by
XfiL ≡
(
χνiL
χliL
)
≡ 1√
L
ΨiLe
i2pi
L
NiLx
5
: (72)
a dierent hoie would desribe the same physis, but matter elds should be relabeled,
so (72), and the equivalent for quark doublets, is a valid option. Even though it ould
sound fored to introdue doublets in a theory where no doublets are needed, we an
remark that also right-handed elds an be arranged this way, but there would be no
point in it, for the matrix operating on suh doublets would only be the identity: the
geometri 4-dimensional ovariant derivative and weak hyper-harge ating on spinors,
suh doublets would naturally split up.
Suitable generators Σi¯5¯ an be nally dedued from (61),by identifying them to the
operators in the urrent term oupled to the gauge eld.
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In the Eletro-Weak Model, the weak isospin urrent and the bosoni Lagrangian density
are found to be, respetively
Jµi =
i
2
Ψ¯Lγ
µσiΨL, (73)
L = −1
4
F iµν(W )F
µν
i (W ) (74)
σi being a Pauli matrix, while, from (61), we have
5J
A¯B¯µ
=
1
2
X¯Lrγ
µΣA¯B¯rs XLs =
1
2
X¯Lrγ
µΣa¯b¯rsXLs + X¯Lrγ
µΣi¯5¯rsXLs (75)
5L = −1
4
E2F A¯B¯ΩΠ F
ΩΠ
A¯B¯ = −
1
4
E2F a¯b¯µν(A)F
µν
a¯b¯
(A)− 21
4
E2F i¯5¯µν(A)F
µν
i¯5¯
(A). (76)
It is therefore easy to determine the suitable generators :
Σa¯b¯ ≡ i
4
[γa¯, γ b¯], (77)
Σi¯5¯rs ≡ −ig
√
2E
σirs
2
PL; (78)
Σ0¯5¯rs ≡ 0, (79)
as disussed above.
Struture onstants
5C
A¯B¯
C¯D¯E¯F¯ are dened as
[5ΩC¯D¯,
5ΩE¯F¯ ] =
5C
A¯B¯
C¯D¯E¯F¯
5ΩA¯B¯, (80)
where Da¯b¯
c¯d¯e¯f¯
are given by (44). Sine Σa¯b¯ and Σi¯5¯ operate on dierent spaes, and Σ0¯5¯
vanishes, the only non-vanishing ommutators are, beause of (54), (77), (78), (79) and
(41),
[Σa¯b¯,Σc¯d¯] = D
e¯f¯
a¯b¯c¯d¯
Σa¯b¯ (81)
[Σi¯5¯,Σj¯5¯] = C
k¯5¯
i¯5¯j¯5¯Σk¯5¯, (82)
so that
C k¯5¯i¯5¯j¯5¯ ≡ g
√
2Eǫijk. (83)
From (80),(81) and (82), we an see that the total group we are dealing with is the
diret sum of the ordinary 4-dimensional Lorentz group and the weak isospin group: the
struture
SO(3, 1)⊗ SU(2) (84)
is expressed by the vanishing ommutators
[Σa¯b¯,Σi¯5¯] = 0, (85)
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i.e. the former ΣA¯B¯ is broken in the Lorentz group and an internal symmetry group.
So far, we an hek that the elds AA¯B¯Ω undergo the standard world and gauge trans-
formations. For AA¯B¯µ 's elds, the former reads
AA¯B¯µ → A′A¯B¯µ = AA¯B¯Ω
∂xΩ
∂x′µ
= AA¯B¯ν
∂xν
∂x′µ
+ AA¯B¯5
∂x5
∂x′µ
: (86)
for the seond of (3),
∂x5
∂x′µ
does not vanish automatially, and we need to impose
AA¯B¯5 ≡ 0 (87)
in order to regain the ordinary 4-dimensional word transformation
AA¯B¯µ → AA¯B¯ν
∂xν
∂x′µ
, (88)
i.e. AA¯B¯µ 's elds behave like 4-vetors.
Gauge transformations are ahieved by the immediate 5-dimensional extension of (44),
and (60) must be taken into aount:
AA¯B¯µ → AA¯B¯µ + ∂µǫ¯A¯B¯ −DA¯B¯C¯D¯E¯F¯AC¯D¯µ ǫE¯F¯ : (89)
beause of (81) and (82), 4-dimensional loal Lorentz transformations , as they were
dened in (44), are straight away restored, while for Ai¯5¯µ we have
Ai¯5¯µ → Ai¯5¯µ + ∂µǫ¯i¯5¯ − C i¯5¯j¯5¯k¯5¯Aj¯5¯µ ǫk¯5¯, (90)
where (70) has been taken into aount.
Struture onstants ensure that dierent gauge elds don't mix up.
If we onsider (84), disregarding boosts, the 5-dimensional spae rotation group is SO(4),
while, in the Kaluza-Klein sheme, we have
SO(4)→ SO(3)⊗ SU(2); (91)
no sooner boosts are onsidered than (84) is reestablished, as ǫ¯0¯5¯ is not experiened by
spinorial elds: beause Σ0¯5¯ ≡ 0 and A0¯5¯µ ≡ 0, the parameter ǫ¯0¯5¯, even though a non
vanishing quantity, is not involved in any transformation.
This setion is aimed to investigate how SU(2) weak isospin symmetry an be restored,
so we an guess from now on
W iµ ≡
√
2EAi¯5¯µ : (92)
sine Σi¯5¯ is always oupled to Ai¯5¯µ , we an put
Σi¯5¯ → −ig σ
i
2
PL, (93)
C i¯5¯j¯5¯k¯5¯ → gǫijk, (94)
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ǫi¯5¯ →
√
2Eǫi¯5¯. (95)
This way there is no misunderstanding in (92), (93), (94), (95), sine i¯ index refers to
the tangent bundle only, and 5¯ an be negleted, as it behaves like a passive index (it is
not involved in any transformation). Equation (90) beomes
W iµ →W ′iµ = W iµ + ∂µǫi − gǫijkW jµǫk, (96)
where we have identied the weak isospin gauge eld,(92). The bosoni Lagrangian
density reads, nally,
L = −1
4
E2F a¯b¯µν(A)F
µν
a¯b¯
(A)− 1
4
F iµν(W )F
µν
i (W ), (97)
where
F iµν(W ) = ∂νW
i
µ − ∂µW iν + gǫijkW jµW kν . (98)
4-dimensional Lorentz transformations and SU(2) gauge transformations are also re-
stored for spinorial elds: the 5-dimensional transformation reads
χi → χ′i = eΩA¯B¯ǫ
A¯B¯
, (99)
so that, for the rst of (3), we have
χi =
5χi(x
ρ, x5) =
1√
L
4ψi(x
ρ)e
i2piNix
5
L →
→ χ′i = eΩa¯b¯ǫ
a¯b¯5χi(x
ρ, x5) =
1√
L
eΩa¯b¯ǫ
a¯b¯4ψi(x
ρ)e
i2piNix
5
L : (100)
this way
4ψi → 4ψ′i = e
1
2
Σa¯b¯ǫa¯b¯4ψi. (101)
For the seond of (3), on the other hand, we get
XiL =
5X iL(x
ρ, x5) =
1√
L
4ΨiL(x
ρ)e
i2piNiLx
5
L →
→ X ′iL = e2Ωi¯5¯ǫ
i¯5¯5XiL(x
ρ, x′5) =
1√
L
e
i
2
gσiǫ
i
e
i2piNiLx
′5
L
4ΨiL(x
ρ) : (102)
the 4-dimensional spinor transforms like
4ΨiL → 4Ψ′iL = eig
′yiα
′(xν)e
i
2
gσiǫ
i4ΨiL, (103)
where, aording to (92), (93) and the results of the rst setion. Weak hyper-harge and
weak isospin transformations are here generated by the same oordinate transformation,
i.e. it's impossible to generate the former without the latter , and vie-versa: in the
Standard Model, however, this is the omplete spinorial eld transformation, and, as far
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as the bosoni elds Aµ, Zµ, Wµ and W
+
µ are onerned, it is not possible to distinguish
between the dierent transformations individually.
Conserved quantities an be found in 5 dimensions as well: aording to the onsider-
ations whih led to (66) and (67), it's possible to establish onserved harges beause
of the breaking of the 5-dimensional Lorentz group. Sine the urrent density (75) still
obeys a onservation law
∂ΩJ
Ω
A¯B¯ = 0, (104)
we get the 5-dimensional onserved harge
Q0A¯B¯ =
∫ L
0
d3xdx5J0A¯B¯ = const. (105)
The spin angular momentum tensor an be extended to 5 dimensions, too, and its
tetradi projetion reads
M A¯B¯ =
∫ L
0
d3xdx55πrΣ
A¯B¯
rs χs = const., (106)
whih oinides again to (105), and
5πr is the 5-dimensional density of momentum
onjugate to the eld χr.
For weak isospin transformations, weak isospin harge is just the tetradi projetion of
the extra-dimensional part of (105):
Q0i = M
i¯5¯ =
∫ L
0
d3xdx55πrΣ
i5
rsXs =
−ig
2
∫
d3xΨ+LσiΨL, (107)
where we have used the results worked out in this setion. One again, the role of the
indies i¯ and 5¯ allows us to better understand the breaking of the 5-dimensional Lorentz
group into a 4-dimensional Lorentz group and an internal symmetry.
4 Restoration of the Eletro-Weak Model
We an develop now the whole Lagrangian density (14) and substitute the ovariant
derivative (49) in 5 dimensions.
The tetradi projetion of the onnetion is
ΓA¯ = e
Ω
A¯ΓΩ : (108)
for the gauge onnetions [21℄, [9℄, we have
ΓKµ¯ =
1
2
ΣA¯B¯A
A¯B¯
µ =
1
2
Σa¯b¯A
a¯b¯
µ +
1
2
Σi¯5¯A
i¯5¯
µ (109)
and
ΓK5¯ ≡ 0, (110)
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while for spin onnetions some more investigation is in order. In fat, for the manifold
(1), we get no onnetion for translations, as far as S1 is onerned, and 4-dimensional
onnetions are found to be purely Riemannian, so that
ΓRµ¯ ≡ 4Γµ¯, (111)
and
ΓR5¯ ≡ 0. (112)
These spin onnetions follow naturally from the denition of (1); if, instead of this
struture ,we onsidered the group (71), [1℄, non-minimal oupling terms would arise
from the tetradi projetion of spin onnetion.
Sine matter elds are introdued in their hiral states, extra-dimensional derivatives
vanish when oupled to γ 5¯, aording to the projetion operators' properties and to
(15):
χ¯aγ
5¯∂5¯χa ≡ 0 (113)
where a refers to right-handed singlets and to left-handed doublets. The property (113)
orroborates the hoie to introdue mass-less spinorial elds in their hirality states. In
fat, if spinorial elds were introdued in a non-hiral form and then projeted along
the two dierent hiralities, besides the diulty in dening suh projetion operators
beause of the values of the parameter Ni, mass-like terms would our: these terms
would break the symmetries of the model, just as in the Standard eletro-weak theory,
and, moreover, dierent masses would be implied for right- and left-handed elds in ve
dimensions; furthermore, these mass-like terms would vanish after dimensional redu-
tion. These inonsistenies are the reasons why spinorial elds are to be established in
the two dierent hirality states, and why they need to be mass-less, mass-like terms
being generated by some spontaneous symmetry breaking mehanism.
Colleting all the terms together, we get
5L = − i
2
[∑
i
X¯iRγ
A¯DA¯XiR +
∑
j
χ¯jRγ
A¯DA¯χjR
]
+H.C., (114)
where summation index i runs over the three families of leptons and the three families
of quarks, while j runs over the six leptons and the six quarks. More expliitly,
5L =− i
2
[∑
i
X¯iLγ
µ¯(4Dµ¯ − g˜′kB˜µ¯
2iπNiL
L
+ ig
σˆi
2
W iµ¯)XiL+
+
∑
j
χ¯jRγ
µ¯(4Dµ¯ − g˜′kB˜µ¯
2iπNjR
L
)χjR
]
+H.C. (115)
where
4Dµ¯ =
4∂µ¯ − 4ΓRµ¯ − 4Γ
K
µ¯ ; (116)
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sine there's no more ambiguity left, making use of (24), (25), (26), (78) and (92),
dimensional redution an be arried out:
4L =− i
2
[∑
i
Ψ¯iLγ
µ(4Dµ − ig′BµyiL + ig
σˆi
2
W iµ)ΨiL
+
∑
j
ψ¯jRγ
µ(4Dµ − ig′BµyjR)ψjR
]
+H.C.. (117)
We an appreiate that the Eletro-Weak Model has been restored thanks to the main
assumptions of this work, i.e. the identiation of the weak isospin gauge boson to the
tetradi projetion of the extra-dimensional ontortion eld, and the breaking of the
previous 5-dimensional Lorentz group into the ordinary 4-dimensional Lorentz group
and an internal symmetry. Dimensional redution, whih is intended to eliminate every
objet related to higher dimensions, is aomplished by the integration on the extra-
oordinate: normalization fators and phase dependenes on the fth oordinate are
therefore removed.
5 Brief onluding remarks
The geometrization of the Eletro-Weak Model we've just aomplished has been ar-
ried out making use of a 5-dimensional Kaluza-Klein theory and of a gauge theory of
the Lorentz group.
In the framework of a Kaluza-Klein theory it has been possible to geometrize U(1)
weak hyper-harge symmetry: the gauge eld has been introdued in the 5-dimensional
metri tensor, and 4-dimensional hiral states have been dened by the splitting of the
5-dimensional Dira equation, beause of the 5-dimensional Dira algebra.
The gauge theory of the loal Lorentz group has been extended to 5 dimensions as far
as the manifold (1) involved in Kaluza-Klein shemes is onerned: extra-dimensional
generators have been dened by the omparison of the extra-dimensional Lorentz on-
served urrent to the weak isospin onserved urrent. The tetradi projetion of the
5-dimensional spin part of the angular momentum tensor has been found to be a on-
served quantity. The harater of spin onnetions has been explored through their
tetradi projetion, whih were purely Riemannian.
In the Standard Model, uniation is ahieved by two dierent symmetry groups and
two dierent oupling onstants: this feature is here explained by the dierent geomet-
rial origin of the two symmetry groups. Two dierent properties of the 5-dimensional
spae-time, i.e. the metri tensor and the extra-dimensional ontortion eld, give rise to
the transformations whih spinorial an bosoni elds undergo: the dierent geometrial
origin an expliate the reason why these groups are so formally dissimilar , and why
oupling onstants don't oinide. The hief peuliarity of eletro-weak interations,
i.e. right/left asymmetry, is reinstated : it omes out naturally from the 5-dimensional
Kaluza-Klein sheme, and is brought bak in the whole transformation (103).
U(1) weak hyper-harge and SU(2) weak isospin transformations were generated from
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the same (extra-)oordinate transformation (3), so that the two gauge symmetries seem
too stritly onneted. In the Standard Eletro-Weak Model, however, Bµ and W
3
µ are
mixed up to form the observed gauge bosons Aµ and Zµ, so, as far as observed quantities
are onerned, it is not possible to distinguish between the two transformations. Thus,
the orrelation whih takes plae in this theory is not so distant, in priniple, from the
Standard Model.
The desription of the Standard Model we have developed ts mass-less elds only:
mass-like terms would break the symmetries of the 5-dimensional model and would van-
ish after dimensional redution. Higgs mehanism would bring the expeted results, but
it is not so lear how to dene gauge onnetions for a salar boson.
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